THERMODYNAMICS FOR GEODESIC FLOWS 
OF RANK 1 SURFACES 

KEITH BURNS AND KATRIN GELFERT 

Abstract. We investigate the spectrum of Lyapunov exponents for the geo- 
desic flow of a compact rank 1 surface. 



1. Introduction 

In this paper we consider a C°° compact connected surface M of negative Euler 
characteristic equipped with a Riemannian metric of nonpositive curvature. Let 
G = {s'*}tGK be the geodesic flow on the unit tangent bundle T^M. This flow 
is a natural and much studied example of nonuniform hyperbolicity. It preserves a 
natural smooth measure on T^M known as the Liouville measure. As we explain in 



Section 2.1 the geometry determines two continuous one dimensional subbundles 
of TT^M that are invariant under the derivative of the flow G and are everywhere 
transverse to the subbundle that is tangent to the orbit foliation. We denote 
these bundles by F" and F'^. 

The rank of a vector v € T^M is the codimension of the space F^ © F^ in 
TyT^M, which is three dimensional. The rank is 1 on the regular set "Jl and 2 on 
the higher rank set 'K. The set 3? is obviously open and invariant. It is also dense 
Q. A vector v G T^M belongs to 'Ji if and only if the geodesic 7^, with 7t,(0) = v 
passes through a point at which the curvature is negative. The complementary set 
'K is closed, invariant and nowhere dense; v ^ 'K if and only if the curvature at 
^v{t) is for all t. The Liouville measure of IK is in all known examples, but 
this has not been proved in general. The flow G exhibits hyperbolic behavior on "R 
and F" © F*^ © is the hyperbolic splitting there. The vanishing of the curvature 
along the geodesies tangent to vectors in 'K means that there is no hyperbolicity at 
all on 'K. The flow G is Anosov if 5{ = 0. 

Let X denote the Lyapunov exponent associated to the subbundle F". Since 
G preserves the Liouville measure, it is easily seen that the Lyapunov exponent 
associated to F^ must be — x on the set "Ji. Thus on "Jl the three exponents for 
the flow are x, —X and the exponent associated to the bundle F^ tangent to the 
flow direction. This is also true on IK, because the lack of hyperbolicity means that 
all Lyapunov exponents are there. The Lyapunov exponents for G are therefore 
completely determined by the function x- 
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We study the level sets of x- More precisely, we consider the sets 

L{a) = {^v G T^M: v is Lyapunov regular and x{v) = a} ■ 
The definition of L{a) can be reformulated using the continuous function 

(/p"(7;) = -lim^log||d<7Vi'll- (1) 

The Lyapunov exponent x is the Birkhoff average of — and L{q) is the set 
where the forward and backward Birkhoff averages both exist and are both equal 



to —a (see also Section 2.2 for further equivalent definitions). 

For a set Z C T^M, we denote by xi^) ^rid xi^) the supremum and the 
infimum respectively of x{v) &s v ranges over Lyapunov regular vectors in Z. If 
Z = T^M, we write simply x and x- We have x = if !K 7^ and x > 
otherwise. We denote by h{Z) the topological entropy of the flow G on the set Z, 
and we write just hif Z = T^mQ 

Proposition 1.1. £(a) / for a G [x^X\- 

Our main result gives lower bounds for the Hausdorff dimension dimH£(a) 
of L{a) and the entropy of h{L{a)) of the geodesic flow on the set £(a) for 
a G (X;X)- We are primarily interested in the case when J{ / and the flow G 
is nonuniformly hyperbolic. Our result is a natural extension of what holds in the 



case when "K = and the geodesic flow is Anosov (see Section 3.2 1. 

Our estimates are obtained from the topological pressure of multiples of the 
function By the variational principle, the topological pressure P{^) of a con- 
tinuous function ip: T'^M — M is the supremum over all measures /i that are 
invariant under the flow G of 



where h{fj,) is the entropy of the time-1 map with respect to the measure /u. In 
particular 

where 

The function 

is convex since it is the supremum of the linear functions q 1— )• P{qip^,^) and 
nonincreasing since y?" < 0. Moreover, we have y(0) = h and J'(l) = 0. 

We show that the graph of T has a supporting line q 1— )• Fa{,q) with slope —a 
for each a G [x, x]. Let 2?(a) be the intercept of Fa with the horizontal axis and 



^Notice that the sets -C(q) are in general non-compact and ac cord ingly, we have to use the general 



concept of topological entropy of noncompact sets (see Section 2.3 for details) 
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£{a) the intercept of Ta with the vertical axis. The function a i— )• —£{a) is the 
convex conjugate of g i— )• '^{—q) under the Legendre-Fenchel transform; thus 

£ia) = inf + qa) . 



Another characterization of £ is that £{a) is the maximum of for an invariant 
measure fj, with x(^) = see Lemma [34] Since I'(a) = <?(a)/a, formulas 
involving V are often expressed in terms of £. 

Theorem 1.2. For every a G (X)X)> the Hausdorjf dimension of L{a) satisfies 

dimn^fa) > l + 2P(a) = 1 + 2^^, (2) 

a 

a?ii(f f/ie entropy on L{a) satisfies 

h{L{a))>£{a). (3) 



Theorem 1.2 extends results of Pesin and Sadovskaya [27 J for conformal Ax- 
iom A flows and Barreira and Doutor H for compact locally maximal hyperbolic 
invariant sets on which the flow is conformal. In their situations the inequalities in 
the theorem are equalities. We believe that the same is true for Hausdorff dimen- 
sion in our setting; this question will be studied in a sequel to this paper. In the 
case of entropy, we apply a result of Bowen ||5l to prove to following result. 

Theorem 1.3. h{L{a)) < £{a)fora G [x,x]- 

It follows that h{L{a)) = £{a) for a G (x, x)- 

Our approach to Theorem |1.2| is to "exhaust" the non-uniformly hyperbolic set 
T^M by a sequence of basic sets. A basic set is a compact locally maximal hyper- 
bolic set on which the flow is transitive. We prove: 

Theorem 1.4. There is a family of basic sets Ai C A2 C • • • C 3i such that 

lim xi^e) = X and lim xi^e) = X- (4) 

£— !-oo — — £— s>oo 

This family can be chosen so that IJ^ A^ is dense in T^M and for any basic set 
AcX A^X there exists £>1 such that A C A^. 



The main difficulty in proving Theorem 1 .4 is to show that any closed hyperbolic 



subset of 01 is contained in a locally maximal hyperbolic set. This is not true in 
general, as is shown by examples of Crovisier [8| and Fisher [13]. We use an 
argument suggested by Anosov, which exploits the fact that a closed hyperbolic 
subset of 01 is one dimensional (unless it is the whole of X). 

If A is basic, then dim.}i{L{a) n A) and h{L{a) H A) are lower bounds for 
dimH£(a) and h{L{a)). One can express dimH(£(a;) fl A) and h{L{a) n A) 
using the functions Pa and £j\^, which are defined analogously to V and £ starting 
from the function 

Ta: (?^P((7V9",A). 
This function is real analytic and strictly convex. By results of Barreira and Doutor 
(see S Corollary 15]), 

dimH(£(a)n A) = l + 2pA(a) and h{L{a) r\ A) = £^{0), 
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Figure 1. The pressure function q ^ P{qLp'^) and its conjugate 
a I—)- £{a) and entropies and Hausdorff dimensions for the expo- 
nent Qo of the maximal entropy measure and the exponent ai of 
the Liouville measure in the case that G\x-i-M Anosov. 



for each a G (x(A), x(A)). Furthermore for each such a there is a unique ergodic 
measure /i supported on A such that x{p) = ^rid q i— P{qip^, jj.) is a supporting 
line for T^. 



The key step in proving Theorem 1.2 is then to show that P{q(p'^, Ag) — )• P{qip^) 
as ^ — )■ oo for each q and that this convergence is uniform on compact subsets. 
This is accomplished using the analogue for flows in three dimensions of Katok's 
theorem that the entropy of a hyperbolic invariant measure for a surface diffeomor- 
phism can be approximated by the entropy on a basic set (see |[T6l [TTl [T8l or |[T9l 
Supplement S.5]). 

Our methods also yield the following result, which may be of independent in- 
terest. 

Theorem 1.5. The entropies h{K)for the basic sets A C 3i are dense in [0, /i]. 

There are some distinctive features that arise only when 'K ^ 0. Let rh be the 
measure obtained by restricting the Liouville measure to the invariant open set 3? 
and normalizing to obtain a probability measure. In all known examples rh is just 
the Liouville measure, but this has not been proved in generalj^ Ergodicity of fh 
was proved in |24|. Set ai = x("^)- 

Theorem 1.6. If :K ^ 2), we have = for q > I. Moreover P(a) = 1 
and £{a) = a for a G [0, ai]. Hence d\viii{L{a) = 3 for a G (0,ai] and 
h{L{a)) = a for a G [0, ai]. In particular h(L{0)) = 0. 

We believe that dimn 'i^(O) = 3 when J{ / 0, but the methods of this paper do 



not apply in that case. Since "K C £(0), Theorem 1.6 gives /i(IK) = 0. In higher 
dimensions, it is possible to have positive entropy on "K; an example was given by 
Gromov IHl. 



2 

The issue is, of course, whether the Liouville measure of "K must be 0. Our result in Theorem 
that h{£i{0)) = is consistent with the hope that the Liouville measure of !K is always 0. 
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h{-C{ao)) 
= h 




h{L{ai)) 




Figure 2. As in Figure [T] but in the case that J{ / 0. 



Figure[T]shows the function J': q ^ P{q(p^) and its conjugate a i— )• £{a) in the 
case when "K = and the flow G is Anosov. The function J" is real analytic in this 
case. It is also strictly convex unless the curvature is constant, in which case it is 
linear (compare also Figure [3]). 

Figure [2] shows the same functions in the case when Ji ^ 0. The results noted 
in Theorem 1 1 .61 are consequences of the corner that appears at (1,0) in the graph 
of y when IK 7^ 0, as shown in Figure |2] We do not know if it is possible for there 
to be other corners in the graph. Nor do we know if "P must be strictly convex on 
(-00, 1) when :K 7^ 0. 

In both figures, the graph of passes through (0, h) and (1, 0). The function T 
is differentiable at g = 0. The tangent line at (0, h) is the graph of the function 
q ^ h — qao, where ao is the exponent for the measure of maximal entropy 
fJ"m,ax- Knieper [20] constructed this measure and showed that it is ergodic and the 
unique measure of maximal entropy. The line q 1— > h{m) — qai passes through 
(1, 0) because the measure in is absolutely continuous with respect to the Liouville 
measure and thus h{m) = x{f^) = by Pesin's formula. 

The organization of this paper is as follows. In Section [2] we collect some pre- 
liminary results on Lyapunov exponents and, in particular, discuss properties of 
the continuous invariant subbundle that gives rise to the continuous potential 
ip"^: T^M — M. In Section [s] we derive properties of the function q 1— P{qLp^) 
and of its conjugate a 1— )■ £{a). In particular, we prove Theorems|1.3|and|1.6 



In 



Section[4]we study uniformly hyperbolic subsystems. In Section|5 we introduce a 
technique to bridge between uniformly hyperbolic Cantor sets and we provide all 
tools that are needed to prove Theorem |1.4| Section [6] collects spectral properties 
of uniformly hyperbolic sub-systems and contains the proofs of Proposition |1.1| 
and Theorems 11.21 and 1 1 . 5 1 



2. Preliminaries 

2.1. Geometry. We consider a compact surface M with a smooth Riemannian 
metric such that the curvature K{p) is nonpositive for all p € M. Each vector 
V G TM determines a unique geodesic 7v(-) such that 7^(0) = v. The geodesic 
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flow G = {s'^jteM ^cts by g'^{v) = 7i,(t). We study its restriction to the unit tangent 
tangent bundle T^M, which is invariant under G. A comprehensive reference for 
the material in this section is [11, Chaper 1]. 

As usual, given v G TpM, we identify T^TM with TpM TpM via the iso- 
morphism 

e^(d7r(0,C(0), 

where vr : TM M denotes the canonical projection and C : TTM TM 
denotes the connection map defined by the Levi Civita connection. Under this 
isomorphism T^T^M corresponds to TpM©f where is the subspace of TpM 
orthogonal to v. The vector field that generates the geodesic flow is F : w i— )• (w, 0). 
The Riemannian metric on M lifts to the Sasaki metric on TM defined by 

A Jacobi field J along a geodesic 7 is a vector field along 7 that satisfies the 
Jacobi equation 

J"(t) + i?(J(t),7(t))7W = 0, (5) 
where R denotes the Riemannian curvature tensor of M and ' denotes covariant 
differentiation along 7. It can be shown that if for some to both J(to) and J'(to) 
are orthogonal to 7(to). then J{t) and J'{t) are orthogonal to ^{t) for all t. A 
Jacobi field with this property is said to be orthogonal. If J is an orthogonal Jacobi 
field, the Jacobi equation can be rewritten as 

J"{t) + K{^{t))J{t) = 0. (6) 

We can express an orthogonal Jacobi field as J{t) = j{t)E{t), where j is a scalar 
function and is a continuous unit vector field along 7 that is orthogonal to 7. It 
follows from ^ that u = j' /j satisfies the Riccati equation 

u'{t)+u{tf + K{j{t)) = 0. (7) 

Jacobi fields give a geometric description of the derivative of the geodesic flow. 
Given ^ € T^T^M, denote by the Jacobi field along 7^ with initial conditions 
J^(0) = dn^iC) and J^(0) = C^(0- Then dgH^,) corresponds to iJ^{t), J'^{t)). 
The orthogonal Jacobi fields correspond to an invariant subbundle of TT^M whose 
fiber over v is v-^ (B v-^. 

Nonpositivity of the curvature means that || J(t)|| is a convex function of t for 
any Jacobi field J, because 

= {j,jy = + = - {R{j,%),%,j)) > 0. 

If II J|| is constant, then J'{t) = and R{J{t),j{t)),'y{t), J){t)) = for ah t; in 
a surface, this means that the curvature vanishes everywhere along the geodesic. 

We now describe the invariant subbundles F^, and F'^, which were intro- 
duced in Section 1 . The bundle F^ is spanned by the vector field V that generates 
the flow G. The other two bundles correspond to two special families of orthogo- 
nal Jacobi fields, the unstable Jacobi fields in the case of F" and the stable Jacobi 
fields in the case of F^ . An orthogonal Jacobi field J along a geodesic is called 
unstable (resp. stable) if || J|| is nondecreasing (resp. nonincreasing). Since the 
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length of a Jacobi is a convex function, it is easily seen that such Jacobi fields can 
be constructed as the limit as T — )• oo of orthogonal Jacobi fields that vanish at 
—T or at T. The one-dimensional distributions F" and obtained in this way 
are continuous and invariant. The fact that elements of F" and correspond to 
orthogonal Jacobi fields ensures that F^ is orthogonal to and F'^ in the Sasaki 
metric. 

Since the bundles and F* are both one dimensional, the intersection F" n F^ 
is non-trivial if and only if F" = F^. An orthogonal Jacobi field J that is both 
stable and unstable has || || < || -/(O) || for all t, and it follows from the convexity 
of II J|| that II J(t) II is constant. This means that J'{t) = for all t and the curvature 
vanishes everywhere along the geodesic. On the other hand, if the curvature does 
vanish everywhere along the geodesic, any Jacobi field with initial derivative has 
constant length. It follows from these remarks that F" = F^ if and only if the 
curvature along 7^ is everywhere zero. 

The distributions F" and F* are integrable, as are F*^" = F° © F" and F^'^ = 
F^ (B F^. The leaves of the integral foliations are closely related to the horocy- 
cles. If u is a lift of f G T^M to a unit vector tangent to the universal cover M, 
the stable horosphere {y) and the unstable horosphere {y) are the limits as 
r — )■ cx) of the circles of radius r with centers at 7^y(r) and 7^(— r). The limiting 
procedure used above to construct F" and F'^ is the infinitesimal version of this 
construction. We denote by W^iy) (resp. W^{y)) the set of unit normals to H^{v) 
(resp. H'^(v)) pointing to the same side as v. The projections W'^{v) and W'^{v) 
to T^M of these sets are independent of the choice of lift of v. The stable leaves 
are tangent to F* and the unstable leaves W"^ are tangent to F". Flowing these 
leaves produces the weak stable manifold W^'^{v) = IJteR g'^W'^{v) and the weak 
unstable manifold W^^{v) = UteM which are the leaves of the integral 

foliations for F^'^ and F'^". Eberlein and O'Neill in |12| constructed a natural 
boundary for the universal cover M, which is analogous to the sphere at infinity 
for the Poincare disc. A hft to T^M of a leaf of the foUation (resp. 
consists of all vectors that point forwards (resp. backwards) to a common point in 
this boundary. 

The foliations and are minimal; see e.g. Theorem 6.1 in |10|. 

If w and w' are in the same leaf of the foliation and we choose compatible 
lifts w and w' to the universal cover, then the distance between 'jwit) and 7{5'(t) is 
a convex and nonincreasing function of t. 

Lemma 2.1. Suppose that w and w' are in the same leaf of the foliation and 

A = lim(_i>oo d(7{5(i), 7{S'(t)) > 0. Then the geodesies ^yj{t) and 'jw' (t) converge 
to the edges of a flat strip of width A as t ^ 00. 

Proof. We can choose a sequence t„ — )• 00 such that the vectors g*^{'w) and 
g^"{w') converge to a pair of vectors v and v' in the same leaf of such that 
(i(7i,(t), 7j,/(t)) = A for all t. The flat strip theorem (flT, Proposition 5.1]) says 
that these geodesies bound a flat strip (a totally geodesic and isometric immersion 
of the product of M with an interval). □ 
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We will use the following version of a Shadowing Lemma (see lUTl Closing 
Lemma 4.5.15] and E Theorem 7.1] for proofs in the particular case of shadowing 
a recurring geodesic). 

Lemma 2.2 (Shadowing Lemma). Given k > 0, r > and e > 0, there is 5 > 
with the following property. 

Let po. P±i, ■ ■ ■ £ M be points at which the curvature of M is at most —k?. 
Suppose vq, v±i, . . . G T^M are such that the footpoint of Vj is in B{pj, 6) for 
all j. Suppose that there are times ... < r_i < Tq < Ti < ... such that 
Tj+i — Tj > T and d^'j^. (Tj+i — Tj),Vj^i) < 5 for all j. Then there is a geodesic 
7 such that for all j we have d{'y{t) , 'jy. {t — Tj)) < efor Tj <t < Tj^i. 

The geodesic 7 is unique up to reparametrization. It is periodic if the sequence 
of vectors Vj is periodic. 



Lemma 2.2 is proved by iterated applications of the following lemma. 

Lemma 2.3. Given k > and e > 0, there is 6 > with the following property. 
Let p £ M be a point with K{p) < —k?. If v, w £ T^M have footpoints in 
B{p, 5) and satisfy d{v, w) < 6, then there is a unit speed geodesic 7 such that 
(i(7(t), 7i,(t)) < e and d{'y{—t),'yw{—t)) < e for all t > 0. The geodesic ^ is 
unique up to reparamerization. 

2.2. Ergodic theory. As explained in the introduction, we study the Lyapunov 
exponent x associated to the invariant subbundle F". The forward Lyapunov ex- 
ponent is the forward Birkhoff average of the function defined in ([T]): 

1 1 

X+iv) = lim -- log \\dg'^\F^\\ = lim -- / ip'^{t)dt. 

The backward Lyapunov exponent is the backward Birkhoff average: 

1 1 /"^ 

X-iv) = lim - log \\dg-^\Fu \\ = lim -- / ^^(t) dt. 

The exponent x{v) is defined when X-i'v) both exist and are equal. 

The function 99" is continuous because the bundle F" is continuous. It van- 
ishes on "K because unstable Jacobi fields are covariantly constant along geodesies 
tangent to vectors in Ji. 

Lemma 2.4. y?" < 0. 

Proof. Let J be an unstable Jacobi field along a geodesic 7. Choose a continuous 
field E along 7 of unit vectors orthogonal to 7 and define the function j by J{t) = 
j{t)E{t). Then jj' > because J is an unstable Jacobi field and || J||' = 2jj'. 
Using this we obtain 

l^t^liJit), J'{t))f = ~{{J{t), J{t)) + {J'{t), J'{t))) 
= {J'{t),J{t)) + {J"{t),J'it)) 
= {J'{t),J{t)) + {R{J{t),j)^,j'it)) 
= j'{t)jit)-Ki^{t))jit)j'it)>0. 
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Hence is nondecreasing, and it follows that 92" < 0. □ 

The following lemma gives an equivalent characterization of x{-)- 
Lemma 2.5. For every v G T^M Lyapunov regular we have 

1 

X{v) = lim - / u{t) dt, 

where u{t) = || J^(t)||/|| J5(t)||, C S F^, satisfies u'{t) = -v^{t) - K{y,{t)). 

Proof. By compactness, there exists k such that the curvature is bounded by — /c^ < 
K. Hence, it follows from JH Proposition 2.11] that \\J'^{t)\\ < k \\J^it)\\. Thus, 

\\Jdt)\\ < WddiOW < Vl + k^WMm and hence 

1 1 \\J (7^)11 1 

lim - log \\dg'^\Fu\\= lim - log ^ = lim - / u{t) dt, 

T^oo I T->oo 1 IM^v'Jjll T^oo 1 Jq 

where u{t) = \\J'i:{t)\\/\\J^{t)\\ satisfies u'{t) = -u^{t) - K{-f.,{t)). □ 

We denote by M the set of all G-invariant probability measures on T^M and by 
Me the subset of all ergodic measures in M. For a measure ^ e M, we define 

x(/u) = - y" V'" dn. 

For a set Z C T^M, we denote by M(Z) (resp. Me(Z)) the set of measures in M 
(resp. Me) that assign full measure to Z. If £ Me, we have xi'^) = xilA for 
Ai-a.e. V £ T^M and thus /i G Me(£(x(/^)))- 

There are two measures in Me of particular significance. The first is the unique 
measure of maximal entropy //max- This was constructed by Knieper in [20|. The 
second is the measure m described in the introduction, which is obtained by re- 
stricting the Liouville measure to 01 and normalizing. 

Lemma 2.6. ai = x("^) > 0. 



Proof. The function 99" is continuous and nonpositive by Lemma 2.4 Since in is 
absolutely continuous and has positive density throughout 01, we can have = 
only if 99" = throughout 01. But then the curvature of M would vanish every- 
where, which is impossible since M has negative Euler characteristic. □ 

It is important for us that the forward exponent x+ is constant on leaves of the 
foliation W^'^ and the backward exponent x- is constant on leaves of the foliation 
W^^. We give the proofs for the forward exponent. 

Proposition 2.7. Suppose w and w' are in the same leaf of the foliation W^. Then 
w and w' have the same forward Lyapunov exponent. This means that the forward 
Lyapunov exponent is defined at w if and only if it is defined at w', and the two 
exponents agree if they are both defined. 

Proof. The forward Lyapunov exponent is the Birkhoff average of the continuous 
function —99", so the claim is obvious if d{g^{w), g^{w')) — )• as t — )• 00. Other- 



wise it follows from Lemma 2.1 that both w and w' have forward exponent 0. □ 
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Corollary 2.8. If v ^ "K, then all vectors w E W^'^{v) have forward exponent 
X+{w) = and all vectors w € W^'^{v) have backward exponent X-{w) = 0. If 
V £ £(a), then all vectors w G W^^{v) have forward exponent x+{w) = ot and 
all vectors w G W^'^{v) have backward exponent x- (w) = a. 

Proof. The forward and backward exponents are obviously both for any v € "K, 



so the result follows from Proposition 2.7 and its analogue for VF". The case 



V G L{a) is analogous. □ 

Lemma 2.9. Let j be a closed geodesic with period r and intial tangent vector v. 
Then 




X{v)<\ -Z / K{j{t))dt. 







Proof. Consider a nonzero ^ G and the corresponding Jacobi field J^. Let 
j{t) = \\J({t)\\. The bundle is one dimensional and invariant under the de- 
rivative of the geodesic flow. Since 7 has period r, we see using this fact that 
( J^(r), J^(r)) is a multiple of {J^{0), J^(0)). It follows easily that 

X{v) = - log ' 



The function u{t) = j'{t)/j{t) is r-periodic and by (|7]) satisfies the Riccati equa- 
tion 

u'{t)+u{tf + K{-f{t)) = 0. 
Using the Schwarz inequality and integrating this equation gives 



This proves the lemma. □ 

We use the previous lemma and the shadowing lemma from the previous sub- 
section to investigate Lyapunov exponents. 

Proposition 2.10. ^ if and only if there exist closed geodesies with arbitrar- 
ily small positive Lyapunov exponent. 

Proof. Assume that IK / 0. Consider a > small enough so that there are 
points of M at which the curvature is less than —o?. Choose a vector v ^ 'K and 
a sequence 7^ of geodesies such that 7^(0) v m T^AI. Since the curvature 
of Af is at all points of 7^, we see that for all large enough k the times = 
inf{t > 0: K{jk{t)) < -a'^ /2} and = sup{t < 0: K{^k{t)) < -a'^/2} are 
well-defined. Moreover — )• 00 and — )• —00 as — )• 00. By passing to a 
subsequence, we may assume that the sequences jkit^) and jk{tk ) converge to 
vectors G Tp_M and w-^- G Tp^M, respectively. Note that K{p±) = — a^/2 
and Ki^kit)) > -a'^/2 for % <t< t+. 



Given e > 0, choose 5 > as in the conclusion of Lemma 2.2 applied to 



the points p_ and and some fixed time r > 0. Fix a vector w £ 01 that 
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satisfies d{w,w+) < 6/2 and for which there exists a time T > t such that 



(i(7^(T), < 6/2. By Lemma 2.2 there is for any large enough k a closed 
geodesic with period close to — +T such that d{$i.(t),^k{t)) < ^ for 
<t < tl and d{$k{t),jw{t)) < e for < t < + T. Our construction 
ensures that 

1 /"^^ 

— / K{Pk{t))dt^O ask^oo. 
n Jo 



It follows immediately from Lemma 2.9 that x(/3/c(0)) — )• as A; — )• oo. 

Conversely, assume that Ji is empty. Then T^M = 01 and G|tim is an Anosov 
flow. In particular inf^gj^ij^f x(^) > 0. □ 

A similar but easier argument using shadowing proves: 

Proposition 2.11. There exist closed geodesies with Lyapunov exponent arbitrarily 
close to X and closed geodesies with Lyapunov exponent arbitrarily close to x- 

These results allow us to show the extreme exponents x x realized by 
ergodic measures. 

Corollary 2.12. There are ergodic measures ^ and JI such that x = x(^) '^wt/ 

X = xiV)- 

Proof. We give the proof for x; the proof in the other case is analogous. By Propo- 
there are measures jin supported on closed orbits such that xiPn) — ^ X- 



2.11 



sition 

Let /i be a weak limit of the Then x{lA — X since x is the Birkhoff average 
of the continuous function Since x(m) is an average of the Lyapunov expo- 
nents for the measures in the ergodic decomposition of and the exponent of any 
invariant measure is at least jjL, we can choose /i to be any measure in the ergodic 
decomposition of /i. □ 

2.3. Entropy and pressure. Let ip: T^M — R be a continuous function (called 
the potential). For every Z C T^M we denote by Z) the topological pres- 
sure of the potential 93 on the set Z with respect to the flow G and by h{Z) the 
topological entropy of G on Z. The entropy is the pressure for the potential = 0. 
For simplicity we write P{lp) = P{lp, T^M) and h = h{T^M). 

Bowen and Ruelle ||6l gave a definition P{ip, Z) in the special case when Z is 
compact and invariant, and observed that their definition is equivalent to defining 
P{(p, Z) as the topological pressure on Z of the function (p^ : v ^ (f{g^{v)) dt 
with respect to the time-1 map of the flow G. We use this latter definition in the 
general case. 

This requires a definition of the topological pressure on a set Z of a potential 
with respect to a continuous mapping that makes sense even if the set Z is not re- 
quired to be either compact or invariant. A suitable definition was given by Pesin 
and Pitskel ||26ll ; ||25l Chapter 4] is a convenient reference. Their definition general- 
izes the definition of topological entropy on a general set for a continuous mapping 
given by Bowen in [5] and the classical notion of pressure on a compact invariant 
set, which can be found in |[28]| . In this paper we need only to consider pressure 
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on compact invariant sets and entropy on the sets which are invariant but in 

general noncompact. 

The properties of pressure and entropy that are familiar in the classical setting 
of a compact invariant set (see e.g. |28|) still apply. In particular P{tp,Zi) < 
P{ip, Z2) if Zi C Z2. One can also verify Abramov's formula LU 

\t\ h{Z) = h{g\ Z) for every t G M, 

in which h{g'^ , Z) denotes the entropy on Z of the time-t map . See [15] for a 
proof in the case when Z is compact and invariant. 

As mentioned in the introduction, for a measure G M and a potential y?, we 
define 

where h{fi) is the entropy of the time-1 map g^ with respect to the measure fi. This 
definition makes sense as long as fi is invariant under g^, even if is not invariant 
under 5* for all t G M. 

Given a set Z C T^M, let !M(Z) C M be the set of all invariant measures fi 
for which fJ.{Z) = 1. We denote by Mc{Z) the subset of all ergodic measures in 
M{Z) and by Ml{Z) the subset of measures that are ergodic for the time-1 map 
g^. Pesin and Pitskel ||26l Theorem 1] proved the following variational inequality 
for any measurable subset Z: 

sup P{^,fi)<P{ip,Z). (8) 

AteM(Z) 

They also gave a sufficient condition on Z for this inequality to be equality for any 
cp. Their condition does not apply to the sets £(a), which are our primary interest, 
but it does apply if Z is compact and invariant. In that case we have the variational 
principle 

P{^,Z)= sup P{y^\u)= sup (9) 

The first equality is the classical variational principle for maps; for the second 
see 123, Lemma 2]. 

A measure fi G Me{Z) is said to be an equilibrium state for ip on the compact 
invariant set Z if fi realizes the supremum in (|9]l. Notice that such a measure al- 
ways exists because the entropy map v 1— h{g^, u) is upper semi-continuous ll28l 
since the flow is smooth [22J. Moreover, the map g^ is /i-expansive [20, Proposi- 
tion 3.3] which also implies upper semi-continuity. In Section [6] we will provide 
further, equivalent, characterizations of the pressure and, in particular, will study 
the topological pressure on basic sets. 

3. Pressure spectrum for ip^ 

3.1. Pressure function in the general case. In the following we analyze the pres- 
sure of parameterized family of continuous potentials qip^ : T^M — )• M . Let 

T{q)'^P{q^-). 
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We have J'(O) = h, which is the topological entropy of the geodesic flow on the 
unit tangent bundle. For each invariant measure G M, we can consider the linear 
function : q P{qip'^,fi). By the variational principle for the topological 
pressure Q, we have 7 > for any ^ G M and we obtain the function J" by 
taking the supremum of the functions 7^ over the ergodic measures: 

y = supi^^ : /X e Me}. 

The ergodic measures which play an active role in this supremum are called equi- 
librium states. More precisely /i G Me is an equilibrium state for qtp'^ if "P^iq) = 
'?{q) = P{qip^). It is also allowed for the graph of "P^ to be asymptotic to the 
graph of T; in this case we can think that ^^(g) = J'(g) when q = ±00. 

The next proposition summarizes some general consequences of the variational 
principle. 

Proposition 3.1. The function 7 is nonincreasing, convex. Moreover: 

1 . y is dijferentiable for all but at most countably many q, and the left and 
right derivatives Di,'S'{q) and Dpjy{q) are defined for all q. 

2. We have 

X = - lim ^ = - lim DL'Piq) , x = - lim ^ = - lim DR^iq) . 

— >oo q g— >oo g— oo q g— oo 

3. The graph of 7 has a supporting line of slope —xip-) for every /i € M(A) 
Thus there is a supporting line of slope —a for all a G [X; x]- 

A. If n is an equilibrium state for qip^ for some q, then the graph of 7^ is a 
supporting line for the graph of? at (q, ^(9)). 

5. If fi is an equilibrium state for qip^, then —DL'J'{q) > x(^) ^ ~DR'J'{q). 

6. 7 is differentiable at q if and only if all equilibrium states for qip^ have the 
same exponent and this exponent is — In particular T is differentiable 
at q if there is a unique equilibrium state for qip^. 

7. If fi is not ergodic and = 'P{q) for some q, then all of the measures 
in the ergodic decomposition of fi are equilibrium states for qcp^. 

8. For any q there are equilibrium states iiL,q (ind HR^q for q^p"^ such that 
x{l^L,g) = -DL7{q) andx{lJ'B,q) = -DRT{q). 

9. For any a G (X)X) there is a measure fia such that xil^a) = o and q 1— )■ 
hina) — 9x(q^) is ^ supporting line for 7. 

Proof. The function ? is nonincreasing because Lp^ < 0. Convexity of CP is an im- 
mediate consequence of the variational principle and the linearity of the functions 

^ describes standard facts about convex functions. To prove (|2]), notice that 
h{fJ.) > and the variational principle imply 

- sup [-qxW) < < - + - sup {-qxW) 

for any g > and so the first equality holds. The second one follows similarly. 

Q follows because the graph of CP^ is either a supporting line for the graph of CP 
or lies below the graph; in the latter case, there will be a higher parallel line that is 
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a supporting line for the graph of T. Q is immediate from the variational principle 
and the definition of equilibrium states. ([5]) and (|6]) follow from Q and the fact 
that x(/f^) is the derivative of the function T^. 

To see (|7]), observe that if /i is a weighted average of ergodic measures fia for 
a £ A, then P{qip'^,^) is a weighted average of the functions P{qip'^,fia) with 
the same weighting and "Pfiiq) is a weighted average of the values Vfi^iq), again 
with the same weighting. But we have "P^^ (q) < !P(g) since this is true for any 
invariant measure. The only way for the average to be equal to the supremum is to 
have Tf.^iq) = for all a. 

^ is immediate from (j6]l if J" is differentiable at q. If not, choose a sequence g„ 
such that qn decreases to q and 7 is differentiable at g„ for each n. For each n let 
fin be the equilibrium state for qn^^ and consider a weak limit /U of the sequence 
fXn- Then ^^{q) = ^(g) and 

I ^^dfi = DR?{q). 

All measures in the ergodic decomposition of fi are equilibrium states for qip"^ and 
have exponent at least —DR7{q). Since the exponents of these measures have an 
average equal to the lower bound —Dji'J'{q), they are all equal to —Dji'J'{q). A 
similar argument can be made using a sequence approaching q from the left. 

Finally, to prove ([9]), observe using (|2jl that if a € {x, x), then the supporting 
line for with slope —a will touch the graph of CP at a point {qa, Piqa))- The 
desired measure fi^ is the appropriate linear combination of the measures /x^^g^ 
and HR,q^ provided by ([8]). 

□ 

Lemma 3.2. We have = 0. IfJi / 0, then ^{q) = 0/or all q > I, and the 
supporting line for P of slope —a passes through (1, O)for < a < 01 = x{^)- 

Proof. The measure fh, which is the restriction of the Liouville measure to "Ji nor- 
malized to be a probability measure, is absolutely continuous with respect to the 
Liouville measure, and thus h{m) = by Pesin's formula. On the other hand, 
the Ruelle inequality gives h{fi) < x(/i) for any invariant probability measure. It 
follows that fh is an equilibrium state for and thus !P(1) = 0. 

The set "K is closed and invariant. If it is nonempty, "K supports at least one in- 
variant measure. We have = for any such measure /i, since the curvature is 
at the footpoint of any vector in Ji. It follows from this, the Ruelle inequality and 
the variational principle for entropy that we also have = for any measure fi 
supported on Ji, and hence 'P^{q) = for all q. Thus if IK 7^ 0, there is a measure 
fi such that CP^ = 0. It follows from the variational principle that J'(g) > for all 
q in this case. Furthermore, since 7(1) = and P is nonincreasing, we must have 
= for all q>l. 

We see that L'lJ'(I) < -x{m) and DRpil) = if / 0. It follows immedi- 
ately that if < a < x("i)' then the supporting line for T of slope —a must pass 
through (1,0). □ 
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Figure 3. The pressure function q i— 7{q) = P{qip^) in the 
case of a) constant negative curvature K = —k^,b) negative cur- 
vature —kf<K<—k2,c) non-positive curvature —k^<K<0 



Since ai > by Lemma 2.6 the graph of "P has a corner at (1, 0) if 7^ 0. On 
the other hand, Knieper showed that there is a unique measure of maximal entropy 
in our situation [20|; it follows from this and part (|6]l of Proposition 3.1 that "P is 
differentiable at 0. 

We do not know if it is possible for there to be other corners in the graph when 
"K ^ 0. We also do not know if J" must be strictly convex on (—00, 1) or if 
DlT^) = -x{m). 

Figure [3] shows the function CP in three cases. When the curvature is everywhere 
—k^, all invariant measures have exponent k and "P is linear. When the curvature is 
negative and variable, "K = and the whole of T^M is a basic set. The function 
P is strictly convex and real analytic |i6||. If — fcf < K < — A;|, the exponent of any 
invariant measure lies in the interval [ki, k2] and P is decreasing. When IK / 0, 
the graph has the corner at (1, 0) and P{q) is constant for q > 1. 



3.2. Pressure function for basic sets. If A is a basic set for G, we can make an 
analogous definition of the functions 

PA{q) = A) and fA(a) = mf{PA{q) + qa). 

All of the properties listed in Proposition |3.1| apply (with suitable minor modifi- 
cations) to Pa- The function Pa also enjoys additional properties that we collect 
below. These results go back to Bowen and Ruelle [6 |. They are proved by study- 
ing the symbolic dynamics provided by a Markov partition of A; the equilibrium 
measures are Gibbs states. The rich supply of equilibrium measures on a basic set 
will be crucial in our arguments. 

Proposition 3.3. The function Pa is strictly convex. Moreover: 

1 . Pa is real analytic on M. 

2. There is a unique supporting line of slope —a for all a G [x(A), x(A)]. 
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3. For every q there is a unique equilibrium state Hqfor qLp^ and it satisfies 

4. xif^q) = -'^Aiq)- 

5. The domain of Ei^ coincides with the range of . We have 

X(A) = -Iim^, x(A) = - lim 

— q->oo q q^-oo q 

The function ^Pa contains the entire information about the Hausdorff dimension 
and the topological entropy of every level sets: for every a G (x(A),x(A)) we 
have 

diniH (£(a) n A) = 1 + 2pA(a) 

r 1 (10) 

h{L{a) n A) = iSA(a) =max < h{fi) : x(/i) = a and fj, G M(A) > 

(compare ETl . H Section 6]). Moreover, the graph of the function Ta crosses 
the g-axis at q = 5a, where 6\ is the Hausdorff dimension of the intersection of 
A with the unstable (or stable) manifold of a typical point in A. The Hausdorff 
dimension of A itself is 1 + 26a- 

3.3. The convex conjugate £. In this section we study the function 

£{a) = inf {Piqif'') + qa) . 



As noted in the introduction, £ is the conjugate of the convex function CP under the 
Legendre-Fenchel transform. In particular £ is concave. 

Lemma 3.4. For any a £ {x,x) have 

£{a) = max {h{fi) : G M and x{p) = a}. 
Proof. By ^ of Proposition |3.1 [ there is a measure /ia such that xif^a) = a and 

q ^ h{na) - qxilJ-a) 
is a supporting line for the convex function CP. Since £ is the conjugate of CP, we 
obtain £■(«) = h{fia)- 

On the other hand, by the variational principle, the line q i— )• h{fi) — qxilA lies 
below the graph of CP for any invariant measure /i. It follows that £{a) > h{fi) for 
any measure fi with x(^) = ct. □ 



Now we can prove Theorem 1.3 that h{L{a)) < £{a) for a G [x, x]- 



Proof of Theorem [iJ] For v G T^M, let M(t;) be the set of measures /i that are 
weak Umits as T — oo of the measures fiy^T defined by 

ipdfx^^T = fj^ V{9\v)) dt for all G C'^{T^M). 
The definition of L{a) ensures that if fi £ 'M{v) for v G L{a), then 

X(^) = - / ^'^dfi = a. 
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It follows from Lemma 3.4 that < £{a) for such a measure. We therefore 
have the inclusion 

L{a) C QR{£{a)) = {w E T^M: 3 /x G M{w) with h{fi) < £{a)}, 

and hence h{L{a)) < h{QR{£{a))). The sets QR{-) were studied by Bowen 
in Q. Theorem 2 of gives h[QR{£{a))) < £{a). Combining the last two 
inequalities proves the theorem. □ 



Finally, we can complete the proof of Theorem 1.6 



Proof of Theorem\r6\ If IK / 0, Lemma [H] tells us that = for g > 1 
and the supporting line of slope —a passes through (1, 0) for < a < ai. It is 
immediate from the latter property and the definitions of the functions V and £ that 
P(a) = 1 and £{a) = a for < a < ai. Now we apply Theorems 1.2 and 1.3 to 



obtain dimn = 3 and h{L{a)) = a for < a < ai. □ 

4. Uniformly hyperbolic (sub)systems 

In this section we are going to study compact G-invariant uniformly hyperbolic 
sets (see fT9] for definition). In our setting, given any compact G-invariant hyper- 
bolic set A C Jl, then over A the splitting F*' © y © F" is the hyperbolic splitting. 

Lemma 4.1. A compact G-invariant set A C T^M is hyperbolic for G if and only 
if A C Jl. 

Proof. If A n IK 7^ 0, then A is not hyperbolic because it contains the tangent 
vector to a geodesic along which the curvature is always zero and hence has zero 
exponent. 

We now suppose that A C 3i. Then there is T > such the every geodesic seg- 
ment of length T tangent to a vector in A contains a point at which the curvature is 
negative. For otherwise there would be geodesic segments tangent to vectors in A 
of arbitrary length along which the curvature vanishes; these segments would ac- 
cumulate on an entire geodesic along which the curvature vanishes, and the tangent 
vector to this geodesic would be in IK n A. 

Our choice of T ensures that the time T map of the geodesic flow expands 
and contracts for all v £ A. Since the bundles F" and F^ are continuous it 
follows from the compactness of A that this expansion and contraction is uniform 
for all V £ A. □ 

Proposition 4.2. If'K^0 then any compact G-invariant set A C % A ^ % has 
topological dimension 1. 

Proof. This claim can be proved using the minimality of the horocycle flow and 
properties of the Lyapunov exponent. Eberlein showed in |[TOl that the foliations 
and are minimal. It follows immediately that if f G T^M is a vector such 
that the spaces F*, F", and the generator V{v) of the geodesic flow span T^T^M 
and if w is any vector in T^M, then W^^{'w) n W^{v) is dense in a neighborhood 
of V in W'^{v), and W^'^{w) n W^{v) is dense in a neighborhood of v in W^{v). 
In particular these properties hold for any v £ Jl. 
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Now suppose that A C is a compact invariant set and A 7^ 3i. Choose v £ A 
and w ^ A. Then v lies in the interior of arbitrarily short arcs in W^{v) whose 
endpoints Wg and w'g belong to W^^{w). Also v lies in the interior of arbitrarily 
short arcs in W'^{v) whose endpoints Wu and w'^ belong to W^^{w). Let S be 
a smooth disc in T^M transverse to the geodesic flow at v. Then v lies in the 
interior of an open set in S bounded by four arcs that lie in the intersections of S 
with W^^{ws), W^'^{w'g), W^'^{wu), and W^^{w'^). In particular, when choosing 
w £ it follows from Corollary |2.8| that all of the vectors in these arcs have a 
forward or backward exponent that is 0. The arcs are therefore disjoint from the 
hyperbolic set A. This shows that the intersection of A with the transversal S has 
topological dimension 0. It follows immediately that the flow invariant set A has 
topological dimension 1. This finishes the proof of the proposition. □ 

Using the classical approach (see for example [27], in order to calculate mul- 
tifractal properties in some compact G-invariant set A C T^M it is crucial that 
this set is also hyperbolic, topologically transitive, and locally maximal. For that 
recall that G|a is topologically transitive if for any nonempty open sets U and V 
intersecting A there exists t G M such that g^{U) n F n A / 0. Further recall that 
A C T^M is said to be locally maximal if there exists a neighborhood U of A such 

thatA = aeM5*(f/)- 

The following proposition is one of the key results in our approach. Note that 



sets in its hypothesis indeed exist by the construction ( |TT] ) below and by Proposi- 
tion [ 



Proposition 4.3. Let A d be a compact G-invariant set of topological dimen- 
sion 1. Then every neighborhood of A contains a compact G-invariant hyperbolic 
locally maximal set A of topological dimension 1 such that A C A. 

Proof. We use an argument of Anosov [2J. The set A is hyperbolic and we can as- 
sume that the neighborhood of A is small enough so that any invariant set contained 
in it is also hyperbolic. It is well known that a compact hyperbolic set is locally 
maximal if and only if it has a local product structure. Rather than constructing 
A itself, we construct its intersection with a suitable cross section to the flow S. 
This intersection is obtained as the image of a subshift of finite type S under a 
continuous and injective map ijj. This ensures that A n 5 is compact, since it is the 
continuous image of a compact space. Moreover the subshift S has a natural local 
product structure: the product of two bi-infinite sequences with the same zeroth 
term is formed by concatenating the future half of one sequence and the past of the 
other sequence. The continuous injection ijj will carry this local product structure 
to a local product structure on A n 5, which is then inherited by A. Since this 
subshift S has topological dimension 0, it is obvious that A will have topological 
dimension 1. 

We begin by choosing the cross section S. It is the union of a finite collection 
of smoothly embedded closed two dimensional discs such that A does not intersect 
the boundary of any disc. The discs should be pairwise disjoint, transverse to the 
geodesic flow, and close enough together so that S intersects every orbit segment 
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of length 1. Let £^ : S ^ Sbethe first return map of the geodesic flow to S and 
define t{v) for v e S hy the equation 

There is Tmin > such that t{v) e [rmin, 1] for all v e S. 

Let us call a sequence {Xi}'^_^ of subsets of S an e-pseudo orbit if for each i 

• Xi lies in a single disc belonging to S; 

• diam(Xj) < e; 

• there is G n A such that ^{vi) G Xj+i. 

We will say that u G 5 is a (5-shadow of the pseudo orbit {Xi} if for each i the set 
Xi lies in the same disc belonging to S as [v) and 

d{xi, £^\v)) < S for all Xi e Xi. 

Note that v is not required to be in A, but the ^-orbit of v lies in the (^-neighborhood 
of A. Since G|a is hyperbolic, there is Sq such that any pseudo orbit has at most 

one (^o-shadow, and for any positive 6 < So there is e{5) > such that every 
e ((5) -pseudo orbit has a J-shadow, which is unique. Let eg = ^{^o)- 

Next choose a collection JCq of subsets of 5 such that the following is satisfied: 

1 . the collection Xq is finite; 

2. the sets in Xq are compact and pairwise disjoint; 

3. each K e Xq lies in one of discs in S and has diameter < min{(5o, eo}; 

4. S is smooth on each K & Xq; 

5. each K eXo contains a point of A n 5; 

6. SnAc[jj,^^^lntK. 

This is possible because the topological dimension of A is 1 and of A n 5 is 0. 

We now define Xn tohe the collection of all sets that contain an element of 
A n 5" and have the form 

N 
j=-N 

where K^n, ■ ■ • , Kn is a sequence of (not necessarily distinct) sets in Xq. The 
analogues of properties 1-6 above hold for each Xn- Note that each element of 
3Cjv is contained in a set from Xn-i- 

A bi-infinite sequence {Kf}'^_^ in 3Cjv will be called admissible if for each 
index i there is a point Vi G Kf n A such that ,!iy'{vi) G K^_^^. An admissible 
sequence is an eo-pseudo orbit and therefore has a unique (^o-shadow. Let us denote 
by ^jj the map that takes an admissible sequence to its (5o-shadow. 

We will show that if) must be injective if N is large enough. We begin by show- 
ing the following lemma. 

Lemma 4.4. The maximum diameter of a set in Xn tends to as N oo. 
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Proof. If not then there is a sequence of sets D D D • • • whose 
diameters do not tend to with G IK at for each N. Then 



N=0 

contains (at least) two distinct elements v and v'. We may assume that v £ A 
because A is compact and each K'^ contains contains an element of A. Let Ki{v) 
be the element of %q that contains .S/'^{v). Then 

oo 

i^-= Pi ^-^Ki{v). 

i=—oo 

We see that {Ki{v)}°^_^ is an admissible sequence in %q with two distinct Jo- 
shadows, namely v and v' . This is impossible, which proves the lemma. □ 

Now choose 5i G (0, 5q) such that Kr\ K lies in the 5i -interior of K for each 



K G %Q and let ei = e{5i). By Lemma 4.4 we can choose N large enough so that 



every admissible sequence in 3C at is an ei -pseudo orbit and therefore has a unique 
(5i-shadow, which must be the image of the sequence under the map V'- 

Finally suppose that u G 5 is the image under the map ifj of two admissible 
sequences {A'/^}^_o^ and {Lf}°?^_^ in IK at. For each i, choose i;^ G A n Kf 
and let Ki be the set in IKq that contains . Since d{vi, J^^{v)) < 6i and v-i lies 
in the 5i-interior of Ki, we see that G Kj. Similarly, ^^{v) G Li for each 

i, where Lj is the set in JCq that contains Lf. Since the sets in %q are pairwise 
disjoint, we have Ki = Li for all i. But this gives us K[^ = Lf for all i, because 

i+N i+N 

Kr= n and Lf = Q 

j=i-N j=i-N 

This verifies that -0 is injective. 

The subshift S mentioned in the beginning of this proof of the proposition con- 
sists of the admissible sequences in JCn for a suitably large A^. The basic set A 
contains all orbits that pass through a vector in ip{T,). This finishes the proof of 



Proposition 4.3 □ 



5. Bridging between uniformly hyperbolic subsystems 



The essential approach to prove our main result. Theorem |1.2[ is to construct a 
family of basic sets A^ that "exhaust" the non-uniformly hyperbolic set T^M so 
that for each of these sets we can determined their multifractal properties. Based 
on this fact we will later show convergence of corresponding quantifiers such as 
pressure, dimension, and spectrum of Lyapunov exponents. In this section we ex- 
plain how to produce hyperbolic sets and, in particular, how to produce sufficiently 
large basic sets with nice properties. 



First, from Lemma 2.2 in particular we obtain that any closed pseudo orbit in a 



compact set of rank 1 vectors is shadowed by a closed orbit of G. We will use this 
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fact in the proof of the following proposition that shows the existence of simplest 
hyperbolic subsets (closed orbits) with arbitrarily small degree of hyperbolicity. 

Proposition 5.1. 'K ^ if and only if there exist vectors that are tangent to 
closed geodesies and have arbitrarily small positive Lyapunov exponent. IfK = 
then there exist vectors that are tangent to closed geodesies and have a positive 
Lyapunov exponent arbitrarily close to x- 

Proof. Assume that 'K ^ 25. Consider a > small enough so that there are 
points of M at which the curvature is less than —a^. Choose a vector v ^ 'K and 
a sequence 7^ of geodesies such that 7^(0) v m T^AI. Since the curvature 
of M is at all points of 7^,, we see that for all large enough k the times = 
m{{t > 0: K{jk{t)) < -aV2} and = sup{t < 0: K{-/k{t)) < -a'^/2} are 
well-defined. Moreover — )• 00 and — )• —00 as A; — )• 00. By passing to a 
subsequence, we may assume that the sequences 7fc(i^) and ^k{t^) converge to 
vectors w- G Tp_M and w+ G Tp^M, respectively. Note that K{p±) = — 
and K{jk{t)) > for < t < t+. 



Given e > 0, choose 5 > as in the conclusion of Lemma 2.2 applied to 
the points p_ and p+ and some fixed time r > 0. Fix a vector w £ Jl that 
satisfies d{'w,'w+) < 6/2 and for which there exists a time T > t such that 



(i(7u,(r), W-) < 6/2. By Lemma 2.2 there is for any large enough k a closed 



geodesic /3k with period close to — + T such that d{(3k{t),^k{t)) < ^ for 
tk<t<t^ and d{$k{t),jw{t)) < e for t+ < t < t+ + T. Our construction 
ensures that 

1 r'' 

K{/3k{t))dt ^ asfc^oo. 

n Jo 



It follows immediately from Lemma 2.9 that xihiO)) — )■ as A; — 00 



Conversely, assume that Ji is empty. Then T^M = 01 and G| ^1^/ is an Anosov 
flow. In particular ini^^rpij^ ^(^v) > 0. The claim then follows from a shadowing 
argument. □ 

Following similar arguments as in the proof above, the following lemma can be 
shown. 

Lemma 5.2. There exist vectors that are tangent to closed geodesies and have a 
positive Lyapunov exponent arbitrarily close to X- 

A compact G-invariant hyperbolic topologically transitive and locally maximal 
set is also called a basic set. By the flow version of the Smale spectral decom- 
position theorem, given any compact invariant hyperbolic locally maximal set A, 
there is a decomposition of the set Q{G\a) of non wandering points for G\a into 
finitely many disjoint sets Q{G\a) = Ai U . . . U A^ such that G|a- is topologically 
transitive (see, for example, |[T9l Chapter 18]). Any such component Aj is closed 
and invariant, and hence basic. 

The following proposition enables us to bridge between basic sets and to include 
them into a basic one. 
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Proposition 5.3 (Bridging). Suppose A' and A" are basic sets of topological di- 
mension 1. Then there is a basic set of topological dimension 1 that contains 
A' U A". 

Proof. We consider the non-trivial case that the flow is not Anosov and that hence 



A', A" 7^ 3?. By Proposition 4.2 A' and A" have topological dimension 1. 

Choose v' E A', v" G A" so that the orbits of v', v" are both forward and 
backward dense in A', A", respectively. Also choose w G 3? so that the orbit of v is 
both forward and backward dense in T^M. By moving v' and v" if necessary, we 
may assume that the curvature of M is negative at the footpoints of these vectors. 
It follows from the shadowing lemma (Lemma 3.4) that we find w' ^ 01 such that 
the orbit of w' is backward asymptotic to the orbit of v", forward asymptotic to the 
orbit of v', and in between is close to a segment of the orbit of v. Also we can find 
w" G 3? such that the orbit of w" is backward asymptotic to the orbit of v', forward 
asymptotic to the orbit of v", and in between is close to a segment of the orbit of v. 

Let A be the union of A', A", and the orbits of w' and w". Then A is con- 
nected compact invariant and contained in 3? and has topological dimension 1. By 



Proposition 4.3 there is a compact invariant hyperbolic and locally maximal set A 
of topological dimension 1 containing A. 

Observe that A C ^i(G|^). Indeed, on the one hand A' = ^{G\a>) C ^{G\-^) 
and analogously A" C On the other hand, given e > sufficiently small 



let 5 > be as in Lemma 2.2 By construction, there exist numbers t' , t", r', t" > 
suchthat d{g-'"{w"),v'), d{g^'{w"), v"), d{g-^"{w'), v") < 6/2 

and hence there exists a closed orbit that e-shadows the orbit pieces w' i— 5* {w'), 
g^*"" {w") I— w" , w" I— g'^' {w") and g^'^" {w') 1— w' . Since A is locally maximal, 
this orbit must lie in A. This implies that w' and w" are non-wandering with re- 
spect to G\j^. By Smale's spectral decomposition splits into finitely many 
disjoint basic sets on each of which the flow is topologically transitive. Hence the 
connected component of this decomposition which contains A is our desired basic 
set. □ 

We now describe a natural way to obtain compact G-invariant hyperbolic subsets 
and, in particular, basic sets that are sufficiently large. Given a set A, denote by 
Per(A) the periodic orbits in A. Given i > 1, let 



0^ = (j B{v,r^) and A^ = Per {THI \ 0^) . (11) 



By Lemma 4.1 any A^ is compact G-invariant hyperbolic, and Ai C A^+i for all i. 
Lemma 5.4. IJ^>i '■^ dense in T^M. 

Proof. The vectors tangent to rank 1 closed geodesies are dense in T^M [3|. Any 
such vector is in Ai for some £ > 1. □ 

Notice that A^ is not necessarily basic, but it is always contained in a basic set. 

Corollary 5.5. For every £ > 1 there exists a basic set of topological dimension 1 
containing A^. 
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Proof. By construction, C 3?, A^ 7^ 3?. By Propositions 4.2 and 4.3 hence 
there exists a compact G-invariant hyperboUc locally maximal set A of topological 
dimension 1 containing A^. Observe that U.{G\{C) contains all periodic points in 
A and thus all periodic points in A^. As Q{G\{s) is closed it hence contains A^. 
By the spectral decomposition theorem, Q.{G\j\) splits into finitely many basic sets 
Ai U . . . U Afc. We then can apply Proposition |5 . 3 1 repeated times to obtain a basic 
set containing Ai U . . . U A^ and hence A^. □ 



Thus, finally we can prove Theorem 1.4 by giving a recipe to construct large 
basic sets with prescribed properties. 



Proof of Theorem\1.4\ Let {A^}£>i be the sequence of sets constructed in ([TT 



5.1 



By Corollary 5.5 for each £ there is a basic set Ai D A^. By Proposition 
there exists a sequence {vi}£>i of vectors tangent to closed geodesies such that 
x{ve) X- We denote the corresponding periodic orbits by ff{vi). Analo- 



gously, by Lemma 5.2 there exists a sequence {we}i>i of vectors tangent to closed 
geodesies such that x{we) — >• X- We denote the corresponding periodic orbits by 
ff{wi). Observe that any hyperbolic periodic orbit is locally maximal and hence 
basic. 



We start by applying Proposition 5.3 twice to obtain a basic set Ai containing 



Ai U &{vi) U 0'{wi). Then, again applying Proposition 5.3 repeated times, for 



every l>2 there exists a basic set A^ of topological dimension 1 such that 
hi D Ai-i UAiU e{vi) U G(wi). 
Recall our choice of vectors v\. and and observe that 
x(Afc) > x{vk),x{wk) > x(Afc). 
This immediat ely i mplies Q 



By Lemma 5.4 the so constructed sequence of basic sets is dense in T^M. 
Finally, given a basic set A c 3?, A / 01, then A c A^ c A^ c A^ for some £ > 1. 
This proves the theorem. □ 

6. Pressure functions and basic sets 

6.1. Hyperbolic pressure. We now introduce three types of pressure of the flow 
(see (17) , ( [T3] ), and ([14])) and show their equivalence to the topological pressure 



P{(p) introduced above. Given a continuous potential 93: T^M —5- M, let 

Phyp((^)= sup Piip,A), (12) 

AcTiAf 

with the supremum taken over all compact G-invariant hyperbolic sets A C T^M. 
Let us also define 

i^ypvarly?) = SUp P{^,1^) (13) 

u&Mc hyperbolic 

with the supremum taken over all ergodic hyperbolic measures. 
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We call a measure G M basic if it is supported on a basic set. These measures 
will play a fundamental role in proving Theorem ] 1 .21 Obviously, every basic mea- 
sure is hyperbolic. However, a hyperbolic measure may not be basic. For example, 
the ergodic component m of the Liouville measure is hyperbolic, but supported on 
T^M and hence basic if and only if the flow is Anosov. Let 

-Pbasvar('/') = SUp P((^, v) (14) 
vdJAc basic 

with the supremum taken over all ergodic basic measures. 

Let us now describe a way of obtaining basic sets with certain prescribed prop- 
erties. The following proposition enables us, in particular, to approximate any 
hyperbolic ergodic measure by a basic one with comparable entropy, pressure, and 
Lyapunov exponent. 

Proposition 6.1 (Katok's horseshoes). Let G Me. Let tp: T^M ^M.be contin- 
uous. Then for every e > there exists a basic set K (Z'Jl of topological dimension 
1 such that 

(i) h{A) > h{n) - £, 

(ii) P{<f, A) > P{ip, n) - e. 

(Hi) x(/") — £ ^ x{v) < x(/^) + £ for all Lyapunov regular v G A. 

Proposition |6.1| is a flow version of a horseshoe approximation by Katok (see ifTOl 
Supplement S.5] and [ iT, Theorem 4. 1] for a related result and indications of mod- 
ifications that are needed in the case of a flow). A detailed proof can be given 
by means of nowadays standard methods using adapted Lyapunov metrics (see for 
example Theorem 2.3] for an exposition on systems with vanishing Lyapunov 
exponents). Note that if h{n) = then the basic set can simply chosen to be a 
periodic orbit with corresponding properties (see [18, Theorem 8]). 



Note that Lemma 5.4 guarantees that, in particular, the above constructed sets 



A^ eventually contain any basic set as is provided in Proposition 6. 1 

Theorem 6.2. Let Lp: T^M be a continuous potential. If "K ^ then 

assume that {p\^ is constant. Then 

^hyp(y') = -PbasvarCv') = -PhypvarCv^) = SUp A^) = lim P{ip,Ae) = P{if). 

Proof. lf'K = then T^M is hyperbolic for G and the claimed property immedi- 
ately follows. Let us hence assume that 0. Without loss of generality we can 
assume that if = on Ji. Indeed, otherwise let c = and replace ipby ip — c 
and observe that any of the above pressure functions satisfies P{ip — c) = P{p) — c. 
Given any hyperbolic set A C T^M, by the variational principle applied to G|a 



and Proposition 6.1 we obtain 



P{ip,A)= sup P{(p,u)< sup < Pbasvar(v')• 

^/eMo{A) i/GMc(A) basic 

With this property the following inequalities 

PhypiV^) < -Pbasvar('/') < -Phypvarlv^) < PiV^) 
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are easy to verify. 

Let us prove the opposite inequality ^(92) < Phyp{^)- The hypothesis that 
</?|j{ = ensures that P{ip) > 0. Indeed, if /i is a measure supported on "K, we 
have / ipdfi = and h{g^, fi) = by the Ruelle inequality, and then the variational 
principle ensures that P{ip) > 0. We distinguish two cases. 



Case 1: If P{(p) = 0, use the method of the proof of Lemma 2.10 to find a closed 
orbit 0" m'Jl that most of its time stays close to 'K. The invariant measure u that is 
supported on such an orbit is hyperbolic and satisfies 

(pdv> —E 

for some small e > 0. Hence i-hyp(v^) ^ Piv^ ^) ^ As e can be made 
arbitrarily small, we obtain Phyplv^) > = P{^)- 

Case 2: Now suppose that P{<f) > 0. Let fi be an equilibrium state for ip. Without 
loss of generality we can assume that fi is ergodic. Indeed, every ergodic compo- 



nent is also an equilibrium state. By Proposition 6.1 (iii), for every e > there is a 
basic set A C 3J such that 

Pi^ypiv^) > P{V, A) > P{ip, fi)-e = P{ip) - e. 

As £ can be made arbitrarily small, we obtain Phyp(¥') ^ 

Since the increasing family of hyperbolic sets A^ eventually contains any hyper- 
bohc invariant set, we have 

P((y9) > supP((^,A^) = lim P{ip,Ki). 



Together with Proposition 6.1 we finally conclude sup^ Pi'f, ^i) > Phypi'^)- 



This proves the theorem. □ 
6.2. Approximating by the pressure on basic sets. We now come to a simple but 



crucial proposition. Let A^ be the sequence of basic sets in Theorem 1 .4 It will be 



convenient to write "Pi, Ve, £e, and Ti^a instead of Ta^, Pa^, £ai, and J^A^.a- 

Proposition 6.3. T'e converges to y uniformly on compact intervals. 

Proof. The functions and CP are continuous because they are convex. The se- 



quence CPa^ is monotone because the sets A^ are nested. Theorem 6.2 shows that 
converges to CP pointwise. Now apply Dini's theorem. □ 

It follows from Theorem 1 1.4| that for each a G (x^x) the linear function -F^^q, 
whose graph is the supporting line to 7^ with slope —a, is defined for all large 
enough £. 

Proposition 6.4. For each a G (x, x) have 

= lim J>,Q,. 

£^00 

Proof. It follows easily from the monotone convergence established in the proof of 



Proposition 6.3 that the sequence Ti^a is nondecreasing and 



hm Ti a < 
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Figure 4. Approximation of pressure by the pressure on a basic 
sets Ae C T^M 



We now show that for any e > we have Te^a > J^a — e for all large enough i. It 
will suffice to show that J"^ > Tq, — e for all large enough i. Let 

Je = {q: MQ)<^aiq)-e}. 



Since is convex and Jq, is linear, is a closed interval. By Theorem 1.4 



we can choose Iq such that a G (x(A£(,), ^(A^q)). It then follows from (pT 
Proposition 3.3 that Ji^ is bounded. For £ > io, we have Ji C J^q since IP^ >~!P 



of 



Hence > — e outside J^^ for all £ > (q. 

On the other hand, since — )• !P uniformly on compact sets by Proposition 6.3 
we have CP^ > J" — e on J^y for all large enough £. But "? > T^, so we obtain 
'^i > -^a — e on for all large enough £. □ 

Let us now provide the proof of Proposition |1.1| stating that L (a) / for 



Proof of Proposition 1.1 Given a basic set A C T^M, with ||27l Corollary 5.1] 



the range of Lyapunov exponents of Lyapunov regular vectors in A is the closed 
interval [x(A),x(A)]. For every a G {x^x)^ by Theorem 



1.4 



there exists a basic 

set A^, £>l, such that a G (x(A^), x(A^)) and hence L(afz) L{a) n A^ / 0. 
Finally L{x), L{x) hy Corollary |2.12| □ 



We can now prove Theorem 1.2 stating that dimi{L{a) > 1 + 2P(a) and 
h{L{a)) > £{a) for a E {x,x)- 

Proof of Theorem [772] It follows from Proposition |6.4| that — )• 2? and ^ £ 
as £ — )• oo. Since dimH('C'(a) H A^) and /i(£(a) n A^) are lower bounds for 



diniH £(a) and h{L{a)), it follows immediately from Proposition 6.3 that 

dimH£(a) > V{a) and h{L{a)) > £{a). 
This proves the theorem. 



□ 
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We can also provide the proof of Theorem 1.5 stating that the entropies h{A) of 
basic sets A C T^M are dense in [0,h]. 

Proof of Theorem [73] We distinguish two cases: 

Case "K ^ 0: By the variational principle for entropy, for any small 6 > there 

exists G Me such that h{fi) > h — 6/2, which in particular implies that fi 
is hyperbolic. By Proposition 6.1 there exists a basic set A such that h{A) > 
h{fi) — 6/2 > h — 5. By Ruelle's inequality, in particular we have x(A) > h — 6. 
By Proposition 2.10 there exists a closed orbit thr ough a vector ^; G 3? with 

there exists a basic set A 



5.3 



Lyapunov exponent < x{'^) < ^- By Proposition 
that contains A U ^^{v) and hence satisfies 

X(A) G (0, 6), x(A) >h-6, and /i(A) >h-6. 

In particular (compare Section |3.2| ), we conclude that the range of the entropy 
spectrum a i— h{L{a) n A) contains the interval [6, h{A)] and for any value h' G 
{6, h — 6) there exist a number q and the equilibrium state of q(f'^ with respect 
to satisfying 

h^^=P{q^^,A)-qx{^l,) = h'. 

Now applying Proposition |6]T] one more time finishes the proof. 

Case 'K = 0: Choose a nonpositive Holder continuous function ip: T^M — M 
that is on one closed orbit ^ and negative elsewhere and consider the equilibrium 
states for the functions g for g > 0. The function q i— )• P{q^, A) is real analytic 
and strictly convex function and there is a unique equilibrium state for each q. 
The entropy of this equilibrium state is equal h{A) for g = and decreases as 
q increases. Note that the measure /z that is supported on the periodic orbit 
satisfies P{q^p, ff) = for all q. Hence the pressure is nonnegative for all q. For 
large q, the integral of ip with respect to equilibrium measure for qcp must be small. 
Weak star compactness and the fact that the closed orbit where 4> vanishes supports 
the only measure for which the integral of is mean that the equilibrium state 
converges to this measure as g — )• oo. Then upper semicontinuity of the measure 
entropy (which follows from expansivity) forces the entropies of the equilibrium 
states to approach 0. □ 
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